Abstract-We explore how reliable the ALEGRA MHD code is in its static limit. Also, we explore (in the quasi-static approximation) the process of evolution of the magnetic fields inside and outside an inclusion and the parameters for which the quasi-static approach provides for self-consistent results.
I. INTRODUCTION
ALEGRA is a multipurpose code handling a variety of mechanical and electromagnetic phenomena including magnetohydrodynamics (MHD). This multiphysics capability is a key feature of ALEGRA and the result of many years of multidisciplinary effort. The flip side of the coin is in the fact that validation and verification (V&V) of ALEGRA are significant undertakings on their own. Fortunately, the proper compartmentalization is ingrained in the architecture of ALEGRA. In other words, various modules of ALEGRA can be used without others when necessary. Therefore, the V&V procedures can be compartmentalized as well. The project pursues two goals. First, we explore in the quasi-static approximation the process of evolution of the magnetic fields inside and outside an inclusion and the parameters for which the quasi-static approach provides for self-consistent results. Second, we explore how reliable ALEGRA is in its static limit. By the static limit we understand the stationary states without macroscopic current. We choose quite a general class of 2D solutions for which a linear isotropic metallic matrix is placed inside a stationary magnetic field approaching a constant value at infinity.
II. MASTER SYSTEM
In the theoretical part of this project we follow the classical textbook of theoretical physics [1] .
The analysis of quasi-statics is based on the following reduced Maxwell system:
These bulk PDEs should be augmented with i) the constitutive equations (Ohm's law), ii) the constitutive equation , iii) boundary conditions , , iv) the conditions at infinity, and v) appropriate conditions at infinity as well as with corresponding initial conditions.
Here, and are the spatial (Eulerian) coordinates and time; , , and are the electric and magnetic field and magnetic induction, respectively; is the electric current density of free charges, is the speed of light in vacuum, is electrical conductivity. In the boundary conditions, and are the normal and tangent vectors to the discontinuity boundaries. The ALEGRA code uses the vector potential The vectors and are interconnected by the covariant differential relation .
III. ELLIPSOIDAL INCLUSION
There are few exact 2D and 3D solutions on the MHD master system. For the static equilibrium configuration a closed form solution can be obtained for an ellipsoidal inclusion in an infinite isotropic matrix, in particular, in vacuum [1] , [3] , [4] . This solution is described below and used in our project for verification purposes.
Consider an ellipsoid with the semi-axes , , and coinciding with the Cartesian axes , , and . We assume that the ellipsoidal domain is filled with a linear isotropic substance with magnetic permeability . We then assume that the ellipsoid is immersed in the unbounded space in which there is a uniform magnetic field . If there is an ellipsoidal inclusion, the otherwise uniform field will change. The changes are particularly strong inside the ellipse and in its vicinity. At infinity, the newly generated field approaches its original value . This problem was analyzed by many outstanding mathematicians and physicists working on it since Newton's times. First, it was focused on various problems of gravitation and cosmology. The exact solution of this problem, presented elsewhere, have the following form: a) inside the ellipsoid (2) b) outside the ellipsoid (3) where is the Newtonian potential of the ellipsoid, given by the relationship (4)
IV. NUMERICAL MODEL
The "transient magnetics" module of the ALEGRA MHD code (henceforward ALEGRA) computes solutions to the reduced Maxwell system of Equation 1 in quasi-static fashion. It is assumed that the medium is stationary, with variable electrical conductivity and fixed magnetic permeability .. The system is recast in terms of the vector potential and transformed to SI units, and appropriate constitutive relationships are incorporated. These include Ohm's law and a simple linear relationship between the magnetic field and the magnetic induction, . An implicit linear solver is with an finite-element discretization to evolve the solution forward in time.
ALEGRA is equipped to handle a much broader class of problems, including deforming media, mechanical and electromagnetic forces, and Ohmic heating. These are encompassed within ALEGRA's broader MHD capability. For the present work, only the transient magnetics module is considered, that is, ALEGRA's capability to simulate the evolution of magnetic fields in a domain containing materials of differing conductivity and permeability.
V. VERIFICATION
The equilibrium solution is obtained in ALEGRA in quasistatic fashion, by a series of timesteps capturing the time evolution. After some time, the transient magnetic diffusion process saturates, leading to a distribution of the magnetic induction which is no longer varying in time. At this time, the distribution of the magnetic induction exterior to the inclusion remains spatially non-uniform, but interior to the ellipsoid, the analysis described in Section III shows that the magnetic induction must be spatially uniform. A simple verification test then is to compare the configuration of the magnetic induction interior to the ellipsoid computed by ALEGRA to that predicted by the analysis.
To carry out this verification test, a series of simulations is designed for ALEGRA in 2D and/or 3D. Dimensions and material properties including conductivity and permeability are chosen for the inclusion and the surrounding region, and an imposed magnetic field is defined. Discretizations are then chosen to allow a convergence analysis by spatial refinement of the mesh. The simulations are set to run sufficiently late in time to reach the equilibrium condition, and comparison to the analytic result is made at this time.
Results from a sample 3D ALEGRA simulation are shown in Figure 1 . Here, an ellipsoid with a major/minor radius of 1.8/0.56 cm is modeled for an imposed magnetic field of 1.0 Tesla oriented in the y-direction (vertical in these images). The ellipsoid has a conductivity of 10 7 S/m and a permeability exceeding the permeability of free space by a factor of 3.
The exterior region has a conductivity of 10 -6 S/m and permeability equal to . At late times, the magnetic induction inside the ellipsoid reaches a uniform distribution. These simulations use a structured rectangular mesh with 30 elements per ellipsoid major radius. A continued series of simulations demonstrates monotonic convergence to the analytic solution provided the analysis described above. 
VI. CONCLUSIONS
The verification analysis shows that the equilibrium magnetized state can be reached by transient means via computation with ALEGRA. The analysis is particularly straightforward because of the simple, closed-form equilibrium solution provided in Equation 3.
